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Reference

¢ Elements of Information

) -ELEMENTS 0F——
Information

Theory ® 2006, 2nd Edition
* Chapters 2,4 and 5

s f Iﬁ

Theory

‘the jewel in

Stanford's crown’

One of the greatest

information theorists since

; Claude Shannon (and the
THOMAS M. COVER one most like Shannon in

approach, clarity, and
Wiley Seties in Tebsommunivations taste).

>/




The ASCI| Cg)dead Char§ctoer Se;n

0 1 1 1

Bit 5 0 0 1 1. 0 o0 1 1

Number 4 0 1 0 1 0 17 0 1
Hex 1st 0 1 2 3 4 5 6 7

3 2 1 0 2nd
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[The ARRL Handbook for Radio Communications 201 y




English Redundancy: Ex. 1
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English Redundancy: Ex. 2
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English Redundancy: Ex. 3

p
To be, or xxx xx xX,

XXXX XX XXX XXXXXXXX
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English Redundancy: Ex. 3
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To be, or xxx xx xX,
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Approximately 20% are letter ‘a’s
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Ex. DMS (2)
S, =1{1,2,3,4}
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2112142121
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ete_datasample_Ex2.m]

[GenRV_Discr

Approximately 50% are number ‘1’s
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DMS in MATLAB

/clear all: close all:

~

SX=101234]; pX=1[1/2 1/4 1/8 1/8]; n = 1le6;

[SourceString = randsrc(1,n,[S_X;p X]); ]

Alternatively, we can also use

[SourceString = datasample(S_X,n,'Weights',p_X);]

rf = hist(SourceString,S X)/n; % Ref. Freg. calc.
stem(S_X,rf,"rx","LineWidth",2) % Plot Rel. Freq.

hold on
stem(S_X,p_X,"bo","LineWidth®,2) % Plot pmf
xIim([min(S_X)-1,max(S_X)+1])

legend("Rel. freqg. from sim.","pmF p X(X)")

xlabel ("x")

\\grid on )

[GenRV_Discrete_datasample_Ex.m]
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A more realistic example of pmf:

0.14

0.12 - Relative freq. of letters in the English language

0.1 H

0.08

0.06

0.04

0.02

abcdefghijkImnopqgqrstuvwxyz

@ [http://en.wikipedia.org/wiki/Letter_frequency] |::>/




A more realistic example of pmf:

0.14
Relative freq. of letters in the English language
o4 Ordered by frequency
0.1

0.08

0.0

0.04

0.02

etaocolnseshrdleumwigypbvk xaqgz

[http://en.wikipedia.org/wiki/Letter_frequency] @/




Example: ASCIl Encoder

Character | Codeword
X c(xX)

MATLAB:
E 1000101 (>> M = "LOVE"; A
N >> X = dec2bin(M,7);
) : >> X = reshape(X",1,numel (X))
L L 1001100 X =
O
e, 1001100100111110101101000101
S \Z /
0 1001111
Remark:
numel (A) = prod(size(A))
vV 1010110 (the number of elements in matrix A)

.—.__ “LOVE” C(((L”> i C((co”) i C(“V”> i C(“E”)
Information Source “1001100100111110101101000101”

@ Source Encoder | | .
\ =




A Byte (8 bits) vs. 7 bits

>> dec2bin('l Love ECS452')7)

ans —

1001001
0100000
1001100
1101111
1110110
1100101
0100000
1000101
1000011
1010011
0110100
0110101
0110010

>> dec2bin('l Love ECS452',8)

ans —

01001001
00100000
01001100
01101111
01110110
01100101
00100000
01000101
01000011
01010011
00110100
00110101
00110010




’

Geeky ways to express your love

>> dec2bin('l Love You',8) >> dec2bin('i love you',8)
ans — ans — - %
01001001 01101001
00100000 00100000
01001100 01101100
01101111 01101111
01110110 01110110
01100101 01100101
00100000 00100000
01011001 01111001
01101111 01101111
01110101 01110101 @ Jyetctocie

htt p // www.etsy.com/list g/914—73057/b ry-i-love-you-printable-for 000001101100
yous r_gallery_9&ga_search_query=binary&ga_filters=holidays+- 011011110111
su lies+valenti & L h all&ga ty aller: )
tFP entalfloss. cim/ icle /),2P9979/1§>-g;;iw Pntmges da)‘»cards - 011001100101
ttps:/ /w om/listing/ 174002615 /bin e-gecky-romantic-pdf- j 001000000111
_26&ga_ L =bi _Fl =holidays+-
ine&ga_sefrch_type:qall&)ga_t?iw'_t}'pe:‘gt:lqsery o 100101101111
www.etsy.com/listing/ 185919057 /i-love-you-binary-925-silver-dog-tag- 01110101.

S:
can?ref=sc =cdf3741cf5¢63291bbc127f1fa 7ﬂ 03e641daal fd/3A185919057&ga_search_query: J
&ga_filters=ho ldays+ uppliestvalentine&ga_search t}p all&ga_view_type=gallery
http:/ /www.cafepress.com/ +binary-code-+lon, g_l es

'fl 1101001

10100000

':'_i." 1100

D1111
1110




Source alphabet of size = 4




Morse code

(wired and wireless)

o Telegraph network
e Samuel Morse, 1838

* A sequence of on-off tones (or , lights, or clicks)

A o mmm
BEmmeoo
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Demm oo

Ee
Foomme
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| @ @

J o mE mmm mmm
K mm o mmm
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O mm == =
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Q m m 0
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T o

N<XS<C
iil;-.
I.QI.I
.Iill
°1
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o0 000
o000
( J

€ Original Artist
Reproduction rights obtainable from

D%(%.nggﬁwﬁannnn&nck.mm

=— —“"'@bﬂm”

SAMUEL MORSE DICTATES A LETTER
TO HIS SECRETARY.
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Example

WolframAlpha nowledge engin

[ "I love you." in Morse code

B |

E D B T

Input interpretation:

Morse code I love you.

Morse code translation:

@) Download page

= Examples =2 Random

FOWERED BY THE WOLFRAM LANGUAGE

[http://www.wolframalpha.com/input/?i=%22I+love+you.%22+in+Morse+code] |:>/




Morse code: Key ldea

Frequently-used characters (e,t)

are mapped to short codewords.
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Basic form of compression.
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Morse code: Key ldea

A o mm Ue o mmm
Frequently-used characters are Smmeee oo mm
Demmeoe Xmm o 0o
Y mmm o mmm mmm
a4 B KX

mapped to short codewords.
s

N

A0V VOTVOZZIrXe—ITOTMMm
11
(]

CQOONOURLWN -~

Relative frequencies
of letters in the
English language
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Morse code: Key ldea
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Frequently—used
characters are mapped
to short codewords.
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Example: ASCIl Encoder

MATLAB:

E 1000101

. (>> M = "LOVE"; A
>> X = dec2bin(M,7);

L 1001100 >> X = reshape(X",1,numel (X))
X =
1001100100111110101101000101

0 1001111 \C _/

V 1010110

- “LOVE”
Information Source “1001100100111110101101000101”
a Source Encoder

)




Another Example of non-UD code

e Consider the string

A1 011101110011,

B Ol1 ® It can be interpreted as

C 01110 CDB:01110 1110 Ot11
D 1110 BABE: 011 1 O11 10011

E 10011




Summary

* A good code must be uniquely decodable (UD).
Ditficult to check.

* A special family of codes called prefix(-free) code is always

Uub.
They are also instantaneous.
® Huftman’s recipe
Repeatedly combine the two least-likely symbols

Automatically give prefix code

® For a given source’s pmf, Huffman codes are optimal among
all UD codes for that source.

(-,




Prof. Robert Mario Fano (MIT)
Shannon Award (1976 )

Shannon-Fano coding

® Proposed in Shannon’s “A Mathematical Theory of

Communication” in 1948

® The method was attributed to Fano, who later published it as

a technical report.

¢ Should not be confused with

Shannon coding, the coding method used to prove Shannon's

noiseless coding theorem, or with

Shannon—Fano—Elias coding (also known as Elias coding), the

precursor to arithmetic coding.




David Huffman (1925-1999)

I
Huffman Code
e MIT, 1951

¢ Information theory class taught by Professor Fano.

® Huffman and his classmates were given the choice of
a term paper on the problem of finding the most efficient binary
code.
or

a final exam.

® Huffman, unable to prove any codes were the most efficient, was
about to give up and start studying for the final when he hit upon
the idea of using a frequency-sorted binary tree and quickly
proved this method the most efficient.

* Huffman avoided the major tlaw of the suboptimal Shannon-Fano
coding by building the tree from the bottom up instead of from
the top down.




Claude E. Shannon Award

Claude E. Shannon (1972)
David S. Slepian (1974)
Robert M. Fano (1976)
Peter Elias (1977)

Mark S. Pinsker (1978)
Jacob Wolfowitz (1979)

W, Wesley Peterson (1981)
Irving S. Reed (1982)
Robert G. Gallager (1983)
Solomon W, Golomb (1985)
William L. Root (1986)
James L. Massey (1988)
Thomas M. Cover (1990)
Andrew . Viterbi (1991)

Elwyn R. Berlekamp (1993)
Aaron D. Wyner (1994)

G. David Forney, Jr. (1995)
Imre Csiszar (1996)

Jacob Ziv (1997)

Neil J. A. Sloane (1998)
Tadao Kasami (1999)
Thomas Kailath (2000)
Jack Keil Wolf (2001)

Sergio Verdu (2007)

Robert M. Gray (2008)

Jorma Rissanen (2009)

Te Sun Han (2010)

Shlomo Shamai (Shitz) (2011)
Abbas El Gamal (2012)

Katalin Marton (2013)

Janos Korner (2014)

Arthur Robert Calderbank (2015)

Toby Berger (2002)
Lloyd R. Welch (2003)
Robert J. McEliece (2004)
Richard Blahut (2005)
Rudolf Ahlswede (2006)




[http://www.ieee.org/documents/ hamming_rl.pdf]\

IEEE Richard W. Hamming Medal

1988 - Richard W. Hamming
1989 - Irving S. Reed

1990 - Dennis M. Ritchie and Kenneth L.
Thompson

1991 - Elwyn R. Berlekamp
1992 - Lotfi A. Zadeh

1993 - Jorma J. Rissanen
1994 - Gottfried Ungerboeck
1995 - Jacob Ziv

1996 - Mark S. Pinsker

1997 - Thomas M. Cover
1998 - David D. Clark

1999 - David A. Huffman
2000 - Solomon W. Golomb
2001 - A. G. Fraser

2002 - Peter Elias

2003 - Claude Berrou and Alain Glavieux
2004 - Jack K. Wolf

2005 - Neil J.A. Sloane

2006 - Vladimir I. Levenshtein
2007 - Abraham Lempel

2008 - Sergio Verdu

2009 - Peter Franaszek

2010 - Whitfield Diffie, Martin Hellman
and Ralph Merkle

2011 - Toby Berger

2012 - Michael Luby, Amin Shokrollahi
2013 - Arthur Robert Calderbank

2014 - Thomas Richardson and Riidiger L.
Urbanke

~—> “For contributions to Information Theory, including

source coding and its applications.”
[http:/ /www.cvaieee.org/html/toby_berger.html]
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Ex. Huffman Coding in MATLAB

Observe that
MATLAB

automatically give

[Ex. 2.31]
pX = [0.5 0.25 0.125 0.125]; % pmf of X
SX = [1:length(pX)]; % Source Alphabet

[dict,%L] = huffmandict(SX, pX); % Create codebook

the expected
length of the

codewords

%% Pretty print the codebook.

codebook
for 1 =
code
end
codebook

%% Try to

= dict;
1:length(codebook)
book{1,2} = num2str(codebook{1,2});

encode some random source string

n = 5; % Number of source symbols to be generated

sourceSstri

encodedString = huffmanenco(sourceString,dict) % Encode the data

ng = randsrc(1,10,[SX; pX]) % Create data using pX

[Huffman_Demo_Ex1]

/




Ex. Huffman Coding in MATLAB

codebook =

[1] "0*

[2] "1 O°

[3] "1 1 1°

[4] "1 1 O-
sourceString =

1 4 4 1 3 1 1 4 3
encodedString =

o 1 1 0 1 1 0 0 1 1 1 0 0 1 1 0 1 1 1 1

@ [Huffman_Demo_Ex1]




Ex. Huffman Coding in MATLAB

[Ex. 2.32]

SX = [1:1ength(pX)];

%% Pretty print the codebook.
codebook = dict;
for 1 = 1:length(codebook)
codebook{1,2} = num2str(codebook{1,2});
end
codebook

EL

pX = [0.4 0.3 0.1 0.1 0.06 0.04]; % pmF of X

% Source Alphabet
[dict,EL] = huffmandict(SX,pX); % Create codebook

l

The codewords can be different

from our answers found earlier.

The expecTed length is the same.

@ [Huffman_Demo_Ex2]

(" >> Huffman_Demo_ Ex2 N
codebook =
[1] -1
2] "0 1
[31 "0 o o o°
4] "0 o 1-
[5] "0 o 0o 1 O
(] 0 0 0 1 1°
EL =
2.2000
\_ /




Ex. Huffman Coding in MATLAB

[Exercise]
pX = [1/8, 5/24, 7/24, 3/8]; % pmf of X
SX = [1:length(pX)]; % Source Alphabet

[dict,EL] = huffmandict(SX,pX); % Create codebook

%% Pretty print the codebook.
codebook = dict;
for 1 = 1:length(codebook)
codebook{1,2} = num2str(codebook{1,2});
end
codebook

EL

i codebook =

’ \ [1] "0 0 1°
>> —-pX*(log2(pX)).- [2] "0 0 O-
ans = [3] "0 1°

1.8956 [4] -1°

EL =

@ L 1.9583
.




Kronecker Product

® An operation on two matrices of arbitrary size
® Named after German mathematician Leopold Kronecker.

* It A is an m-by-n matrix and B is a p-by-¢q matrix, then the
Kronecker product A®B is the mp-by-ng matrix

(Use b _aHB alnB_
kron(A,B)|] A®B=| @
in MATLAB. a B - aB
T 'ml mn = _|
* Example 10 15 20 251 [0 5 0 10

30 35 40 45 0 15 0 20|
36 37 46 47| |18 21 24 28

12®O Sl (e 17 26 27| (6 7 12 14
3 4 6 7




Kronecker Product

>> p = [0.9 0.1]
p =
0.9000 0.1000
>> p2 = kron(p,p)
p2 =
0.8100 0.0900 0.0900
>> p3 = kron(p2,p)
p3 =
Columns 1 through 7
0.7290 0.0810 0.0810
Column 8
0.0010

(-,

0.0100

0.0090

0.0810

0.0090

0.0090




104/1‘1 =1

11d. . 0.9 -\ L,,,,,,,i ,,,,,,,,,,

X, ~ Bernoulli(p) "
p=01 o\ o

Ln | | |
0.7\ S SRR

L, =0.645
o\

N\ o= 0533
0.5 T S e
B e e

04 ; ‘ ‘
1 2 3 4 5 6 7 8

[Ex.2.40]

Huffman Coding: Source Extension

n: order of extension




X, ~ Bernoulli( p)

[Ex.2.40]

Huffman Coding: Source Extension

1.1.d.

p=0.1

1.8

Order of source extension

n




What to do when the pmf is unknown?

® One may assume uniform pmf
Inefficient if the actual pmf is not uniform.
® Better Solution: universal lossless data compression
algorithms
Universal source coding

Lempel—ZiV algorithm is one popular example.




